Voronoi Cell Complex

Manual

1. DCC definition and algebraic representation
An excellent simple introduction to the area of DCCs with their various applications is given in the
book of Leo Grady and Jonathan Polimeni “Discrete Calculus. Applied Analysis on Graphs for
Computational Science. (2010). Below are just a few notes necessary for understanding the output of
the code.

e In algebraic topology, a discrete topological n-complex is a collection of cells of dimensions & < n,
where every k-cell for any 0 < & < n has a boundary formed by (4—1)-cells belonging to the complex.
The co-boundary of every k-cell for 0 < & < nis the set of (k41)-cells whose boundaries contain the
k-cell. In this terminology, 1-complex is a graph. Polyhedral complexes are a special class of regular
quasi-convex discrete topological complexes, in the geometric realisation of which 0O-cells are
identified with points or vertices, 1-cells with line segments or edges, 2-cells with planar polygons
or faces, 3-cells with polyhedra or simply cells, etc. We restrict our consideration to the polyhedral
3-complexes whose 3-cells are convex polyhedra with 2-cells in the boundary of exactly two 3-cells.
An assembly of polyhedrons is a geometric realisation of a combinatorial structure referred to as a
cell complex in algebraic topology.

A polyhedral 3-complex and its elements

2-cell (boundary /face)

1-cell (triple junction)

0-cell (quadruple point)

3-cell (grain)

Figure 1: DCC complex and its structural elements [3].

e The geometric properties of the DCC are encoded in the volumes of different cells: 1 for O-cells,
length for 1-cells, area for 2-cells, and volume for 3-cells. The topological properties of the DCC are
encoded in the boundary operator Bx, which maps all (k+1)-cells to the k-cells in their boundaries,
taking into account cell orientations. The algebraic realisation of the operator for the {4, &+1} pair

of cells is referred to as the A-th incidence matrix, By, which has Ny rows (where Ny denote the

number of A-cells in a complex) and Ni;; columns and contains 0, 1, -1, indicating non-adjacency,
adjacency with agreeing and with opposite orientations, respectively, between k-cells and (441)-
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cells. The transpose of the &th incidence matrix, by = (Bk)T, is a matrix representing the A&th co-

boundary operator, which maps all &-cells to the (k+1)-cells in their co-boundaries.

e A standard way is to decide on a consistent orientation of all top-dimensional cells, e.g., to select
the positive orientation to be from interior to exterior of the 3-cells and assign arbitrary orientations
for all lower-dimensional cells. There are exactly three options for the relation between k-cell and
(k+1)-cell in an oriented complex: they are not coincident - encoded by 0; the A-cell is on the
boundary (k+1)-cell, and they have consistent orientations, encoded by 1; the k-cell is on the
boundary (4+1)-cell and they have opposite orientations, encoded by -1. The transpose of the A&th
incidence matrix is a matrix representing the &th co-boundary operator, which maps all k-cells to
the (4+1)-cells in their co-boundaries.

e The kth combinatorial Laplacian (Laplace-de Rham operator) can be written as Lx = byx.1 Bk.1 +

Bk bk and it maps all k-cells to themselves, collecting local connectivity information. One important

application of the combinatorial Laplacians is in calculating combinatorial curvatures. Since the

Laplacians are symmetric positive semi-definite matrices, their eigenvalues are real. The spectra of
eigenvalues can be used to classify discrete topologies, with two topologies considered equivalent
when they have the same Laplacians’ spectra.

2. Files
PCC contains a several files with a sparse representation of matrices: for any matrix element a(i, j)
= c the files of the matrices contain the list of triplets in the form (i,j,c). The enumeration of indices
starts from 0, and, for instance, the line "5, 7, 1" in the adjacency matrix Ax means that the A-cell #6
is the neighbour of the &cell #8. For any incidence matrices By, the same triplet "5, 7, 1" means that
the (&-1)-cell #6 is on the boundary of the A-cell #8, and their orientations coincide (¢ = -1 for the
opposite orientations).
The Voronoi tesselation provided by Neper supposed to be a dual complex in terms of algebraic

topology and so all the other tessellations provided by the Neper output with the morphology option -
morpho <morphology> like cube, square, tocta, lamellar, etc. different from voronoi.

For the dual (voronoi, cube, tocta, etc.) complex:
All sparse matrices are stored in * ¢xt¢ files.

A0.txt - 0-adjacency matrix for O-cells (vertices)
(
(
(

A3.txt - 3-adjacency matrix for 3-cells (polyhedral)

Al.txt - 1-adjacency matrix for 1-cells (edges)

A2.txt - 2-adjacency matrix for 2-cells (faces)

B1.txt - incidence matrix or boundary operator (0-cells are row indexes, 1-cells are columns)
B2.txt - incidence matrix or boundary operator (1-cells are row indexes, 2-cells are columns)
B3.txt - incidence matrix or boundary operator (2-cells are row indexes, 3-cells are columns)

In the 2D case, there are no Az and B3 matrices.

voro_ Ncells.txt - each row in the file corresponds to the numbers of different A-cells: the first row is the
number of 0-cells, second - is a number of 1-cells and so on.
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voro normals.txt - components of a normal vector for each face written in the format: (face_id a b

c), where face id coincide with the numeration of faces in Az and By matrices; a, b and c - are the

components of the normal vector of a face in a 3D cartesian coordinate system.
voro_seeds.txt - coordinates of the seed points of 3-cells used for Voronoi tessellation of space.
L0.txt - 0-Laplacian matrix with the dimension of 0-cells (vertices)

L1.txt - 1-Laplacian matrix with the dimension of 1-cells (edges)

L2.txt - 2-Laplacian matrix with the dimension of 2-cells (faces)

Contacts
You are very welcome send e-mail to Dr Elijah Borodin (Elijah.Borodin@manchester.ac.uk) for any

questions.
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